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AN ANALYTIC INVARIANT OF G 2 MANIFOLDS 


DIARMUID CROWLEY, SEBASTIAN GOETTE AND JOHANNES NORDSTROM 

Abstract. The first and third authors have constructed a defect invariant £ Z/48 

for G 2 -structures on a closed 7-manifold. Their definition involves a spin nullbordism W 
of M. We describe the R-invariant using ^-invariants and Mathai-Quillen currents on M and 
show that it can be refined to a Z-valued invariant v(M, g) for G 2 -holonomy metrics. As an 
example, we determine the //-invariants of twisted and extra twisted connected sums a la 
Kovalev, Corti-Haskins-Nordstrom-Pacini, and Nordstrom. In particular, we exhibit examples 
of 7-manifolds where the moduli space of G 2 -liolonomy metrics has at least two connected 
components. In one of these examples, the underlying G 2 -structures are homotopic, in another 
one, they are not. 


Recent years have seen progress in the construction and description of closed G 2 -manifolds. 
Apart from Joyce’s Kummer construction Gaum, one also has the twisted connected sum 
construction inspired by Donaldson, implemented by Kovalev |12| and generalised by Corti, 
Haskins, Nordstrom, Pacini [4]. With a large supply of G^-holonomy metrics, one can now ask 
if some different constructions 


(i) lead to the same closed 7-manifold up to diffeomorphism, 

(ii) if so, if the underlying (/^-structures are the same up to homotopy and spin diffeo¬ 
morphism, and 

(iii) if so, if the two metrics lie in the same connected component of the moduli space of 
GVholonomy metrics over the given class of (^-structures. 


For the twisted connected sum construction, question |(i)| is answered by examples exhibited in 
[U Table 3] and [2, Table 3], making use of classification results for 2-connected 7-manifolds of 
Wilkens |T8| 1191 (see Theorem 4.1). Regarding question 


two of the authors of this article 
recently defined the Z/48-valued ^-invariant of (/^-structures on closed 7-manifolds If the 
topology of the underlying manifold is sufficiently simple, then v detects all (^-structures up 
to homotopy and spin diffeomorphism. However, so far there have been no explicit examples 
of spin 7-manifolds where two different (/^-structures admit GVholonomy metrics. 

The forthcoming paper m 


This is one of two papers concerned with questions (ii) and (iii 


will establish in detail a modified version of the twisted connected sum construction, outlined 
in Section 2.1 In the present article, we construct an integer-valued refinement V of the 


^-invariant, see Definition 1.4 It is normalised so that for a metric g with holonomy exactly G 2 
on a closed 7-nranifold and <p the associated torsion-free (/^-structure, 


u(ip) = v(g) + 24 mod 48. 


( 1 ) 


The invariant v is defined analytically using ^-invariants. It is locally constant on the moduli 
space of (Z? 2 -metrics because the r/-invariant of the spin Dirac operator depends continuously 
on (/^-metrics; in this regard, our invariant resembles Kreck and Stolz’s refined Eells-Kuiper 
invariant m Definition 2.12]. Last but not least, the analytic description makes v (and 
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hence v) explicitly computable for the extra twisted connected sums of El Our main result 
can be stated as follows, using notation introduced in Section [2| 


Theorem 1. Let ( M,g ) be an extra twisted connected sum with gluing angle D and put p = 
7T — 2d. Let the angles off, ..., a]~ 9 be defined as in Section 


2.5. Then 


z/(M, g) = —72— — 3 sign p 

7r 

+ 3 sign/?#{ j | aj E {vr - |p| , vr} } + 6 sign pjf{j | aj E (tt - |p| , vr) } . 
This gives the following refinement of [5j Theorem 1.7]. 


Corollary 2. If (. M,g ) is a rectangular twisted connected sum, that is, if'd = f,, then 

v(M, g) = 0 . 


By applying Theor em [I] to examples described in detail in El. we can prove two statements 
concerning questions (ii) and (iii) above. In both theorems, the diffeomorphism type of the 
manifold M is completely characterised by the given invariants (see Theorem 4.1). 


Theorem 3. There is a closed 2-connected 7-manifold M with H A (M; Z) = Z 67 and pi(M) = 
4 a for a primitive class a E H 4 (M;Z), admitting two G 2 -holonomy metrics with different 
underlying G 2 -structures up to homotopy and diffeomorphism. 


Theorem 4. There is a closed 2-connected 7-manifold M with i7 4 (M;Z) = Z 109 andpi(M) = 
4 a for a primitive class a E i7 4 (M;Z), admitting a homotopy class of G 2 -structures over which 
the moduli space of G 2 -metrics up to diffeomorphism has more than one connected component. 


While the homotopy classes of the (^-structures in Theorem [3] can be distinguished using 
just the ^-invariant of [5], the invariant v is needed to distinguish the components of the 
moduli space in Theorem [|J However, the only way we know to compute the ^-invariant of 
Example 4.7—on which Theorem [3] relies—is to use Theorem [l] to compute v and apply the 
relation (fTl). 

If p E |0, ±|, ±|, ±4^}, then v(M, g) (and hence also v) is divisible by 3. Moreover, because 
both p and the contribution by the angles af, ..., aj” 9 is bounded, the invariant v{M,g ) can 
only attain finitely many values for extra-twisted connected sums. 


Question 5. What is the range of v on arbitrary G 2 -manifolds? Is it finite? Is v(M,g) always 
divisible by 3? 


To answer this question, it would be helpful to know the ^-invariant of Joyce’s examples. 

This paper is organised as follows. In Section [TJ we define the invariant v and give simple 
examples. In Section [2j we describe the extra twisted connected sum construction. We also give 
a cohomological description of the signature ^-invariant using the gluing formula by Kirk and 
Lesch nn. In Section [3j we derive the gluing formula for the spinor ^-invariant and compute v 
for twisted connected sums from Bunke’s gluing formula [3]. Section [4] contains the examples 
mentioned in the theorems above. 

Except in Section [4j H* (•) will always refer to cohomology with real coefficients, which 
we identify with de Rham cohomology, and with the space of Dirac harmonic forms, if the 
underlying space is a compact manifold. 

Acknowledgements. The authors thank Uli Bunke, Alessio Corti, Mark Haskins, and Arkadi 
Schelling for valuable discussions. 
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1. The extended ^-invariant 

We recall from [5] the definition of the Z/48-valued invariant v of a GVstructure on a closed 

7- manifold M, involving a spin zero-bordism W of M. Using the Atiyah-Patodi-Singer index 
theorem, we give an intrinsic description of v in terms of //-invariants and a Mathai-Quillen 
current on M, which moreover allows us to define a diffeomorphism invariant u taking values 
in Z. 

1.1. An intrinsic formula. Let M be a closed spin 7-manifold with tangent bundle TM -> M 
and with a fixed real spinor bundle SM —> M , which is of rank 8. A G 2 -structure on M can be 
identified with a Riemannian metric together with a unit spinor field s 6 T(SM) (up to sign), 
see [5j Section 2.2], We will consider (^-structures up to homotopy and spin diffeomorphism. 
Note that homotopy classes of (^-structures correspond to homotopy classes of non-vanishing 
spinor fields. 

As a spin 7-manifold, M can be represented as the spin boundary of a compact spin 

8- manifold W. Let x(W) and a{W) denote the Euler characteristic and the signature of W. 
We identify SM with S + W\m in a natural way and extend s to s G r(5 + VL). The spinor 
bundles SM and S + W can be given natural orientations, where we follow the convention of [5j. 
Assuming that s is transverse to the zero section W C S + W, let n(s) denote the number of 
zeros of s, counted with sign. 

Definition 1.1 (Crowley-Nordstrom |5j). The ^-invariant of ( M,s ) is defined as 

u(s) = X (W) - 3 a(W) - 2 n(s) G Z/48 . 

In fact, in |SJ Definition 1.2] the manifold W is assumed to carry a Spin(7)-structure that 
induces the given (^-structure on M = <9 IT. We find it more convenient to work without this 
restriction. This introduces the additional term —2 n(s), see [SI Section 3.2], 

It is proved in [5( that v is a well-defined invariant of G^-structures. It is patently invariant 
under homotopies and spin diffeomorphism. Moreover, for certain topologically simple 7- 
manifolds, v is a complete invariant of (^-structures up to homotopy and spin diffeomorphism, 
see Proposition |4.2[ 

We fix a Riemannian metric g™ , which induces a metric g SM and a connection \7 SM 
on SM. We also fix a Riemann metric g T 11 on W such that a collar neighbourhood of M = dW 
is isometric to a product (M,g™) x [0,e). Then we have an induced metric g s+w and a 
connection on S + W that restrict to g SM and \/ SAI over M = dW . Recall the associated 

Mathai-Quillen current i/j(V s+w , g s+w ) € Q‘(S + W) on S + W as defined in [T5J Section 7] 
and explained further in [2, Section 3]. Let do denote the Dirac d-distribution along the zero 
section W C S + W , and let e(V 5+H ) denote the Euler form of S + W . Then by O Theorem 3.7], 
the Mathai-Quillen current satisfies the transgression equation 

d^{V s+w ,g s+w ) = t r*e(V s+w ) - do G n 8 (S+W) . 

Let Dm be the spin Dirac operator acting on T(SM), and let Bm denote the odd signa¬ 
ture operator acting on D ev (M). Let r) denote the Atiyah-Patodi-Singer //-invariant [1], and 
write h(A) for the dimension of the kernel of an operator A. 

Theorem 1.2. For any metric g and non-vanishing spinor field s on a closed 7-manifold M, 

v{s) = 2 [ s*if(V SM ,g SM ) -24(rj + h)(D M ) + 3rj(B M ) G Z/48 . 

Jm 
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Proof. With our orientation convention for S + W, we have 

2e(\7 s+w ) = A8A(V tw ) [S] +e(V TW ) -3 L(V tw ) [8] € D 8 (W) . (2) 

This follows from [5l equation (1)] and the naturality of Chern-Weil forms. Let denote 
the spin Dirac operator on W. By the Atiyah-Patodi-Singer index theorem [T[ Theorems 4.2 
and 4.14], 

r] + h 


ind aps{D+)=[ A(V tw ) [ 8] -^(D m ) 
Jw z 


G Z 


a(W)= [ L(y TW f ] - V (Bm) • 

Jw 

Together with the formulas above, this gives 

v{s) = x(lT) -3 a(W) + 48 ind A ps(L>^) - 2 n(s) 

r e(V s+w ) - 2 n(s) - 24 (r? + h)(D M ) + 3 rj(B M ) 


= 2 


>w 


= 2 / s*^(V SM ,g SM ) - 24( V + h)(D M ) + 8 V (B M ) ■ 

Jm 


(3) 


mod 48 


□ 


1.2. The extended z'-invariant. We first restrict attention to the special case of metrics 
with holonomy contained in G 2 . Because the associated spinor s E T(SM) is associated with 
the G 2 -principal bundle, this immediately implies s = 0. 


Lemma 1.3. If s is parallel, then 


IM 


V(v 


SM SM 

5 y 


f )=o. 


Proof. Let (SM, V 5M , g SM ) —> SM be an isomorphic copy of SM -A SAP We regard the 
curvature R SAI as an element of 0 2 (M; A 2 5M). Let Y E T(tt* SAP) denote the tautological 
section of ir*SM -A SAP Then projects a vector on SM to its vertical component, 

hence, it may be viewed as the connection one-form of V 5 ^. The Berezin integral 


rB 


: n 9 (SM-,Tr*A 9 SM) -A n % (SM) 


is a certain constant multiple of the top degree component in n*A*SM. 
By m Definition 3.6], the Mathai-Quillen currents are given as 

r»oc f‘B yr 


^(V 


SM gSM 


/*oo r± 
>-/ / 


2 y/t 


0 -Tr*R SM +YiS7 n SM Y+t\\Y\\ 2 fa 


For the pullback by s G T(SAI), we regard the section s = s*Y 6 T(SM). Then 

r °° ^ $ ,-RSM+ViV m §+t\\s\\ 2 dt 


V(v 


SM ^SM 


/*00 

^-L S 


2 Vt 


If s is parallel, then \/ SM s = 0. As a consequence, the exponential expression has even 
degree in A “SM. The additional s makes the degree in A *SM odd. Because rk SM = 8 is 
even, the Berezin integral vanishes entirely. □ 
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If the spinor s is parallel, then the holonomy of ( M,g ) is contained in G 2 . Then M is Ricci 
flat and the scalar curvature vanishes, too. By the Schrodinger-Lichnerowicz formula, 

D 2 m = v 5M ’*V 5M , 

so ker (Dm) consists entirely of parallel spinors if M is compact. 

The spinor representation of G 2 is isomorphic to a direct sum of the (7-dimensional) vector 
representation and a rank one trivial part. Therefore SM = TM®M = T*M ©R. On a closed 
Ricci-flat manifold, a 1-form is parallel if and only if it is harmonic. Thus, for a closed manifold 
with holonomy contained in G 2 

h{D M ) = l + b 1 (M). (4) 

If the holonomy is exactly G 2 then ttj M is finite, so Ii(Dm) = 1, but more generally we at 
least have that H(Dm) is a topological invariant if the holonomy is contained in G 2 . This 
motivates the following definition. 

Definition 1.4. Let (M,g) be a Riemannian manifold with holonomy contained in G 2 . Then 
the extended //-invariant is given by 

v{M,g) = —24 rj(D M ) +3 rj(B M ) G Z . 


Proposition 1.5. The extended v-invariant has the following properties. 

(i) It is a spin diffeomorphism invariant of Riemannian manifolds with holonomy in G 2 . 

(ii) It is locally constant on the moduli space of metrics with holonomy in G 2 . 

(iii) If ( M,g ) admits an orientation reversing isometry, then u(g) = 0. 


Proof. Property | (i) | is clear by construction. 

For |(ii)[ we note that tj{Dm) is continuous on the moduli space of metrics with holo¬ 
nomy in G 2 because H{Dm) does not change under continuous variations of g and s by the 
considerations above. Then t](Bm) is continuous in g by ([ 3 ]), hence v(M,g ) is locally constant. 

For (iii), we use that both //-invariants vanish because an orientation reversing isometry 
makes sure that the spectra of Dm and Bm are symmetric. □ 


Combining Theorem 1.2 Lemma 1.3 and 0 we find that for any metric g with holonomy 
contained in G 2 and any spinor s that is parallel with respect to g (equivalently any torsion-free 
^-structure compatible with g) 


u(s) = u(g) + 24(1 + 61 (M)) mod 48. 


(5) 


1.3. Homogeneous examples. Leaving the world of metrics with holonomy in G 2 for the 
moment, we can define a version of the extended //-invariant for more general (^-structures. It 
is most meaningful in the case when the metric has positive scalar curvature, when h(D m) = 0 
by the Schrodinger-Lichnerowicz formula. 


Definition 1.6. Let ( M,g , s ) be a Riemannian 7-manifold with a nowhere vanishing spinor s. 
Then the extended //-invariant is defined as 


9(M,g,s) = 2 / s>(V 5M ,/ M ) -2Irj(D M ) + 3 V (B M ) GZ. 
Jm 


Remark 1.7. We distinguish three cases. 


(i) If s is parallel, this is exactly Definition 1.4 (using Lemma 1.3). 
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(ii) If (M, g ) has positive scalar curvature, this invariant is invariant under deformations 
of g and s as long as positive scalar curvature is preserved. In this case, v mod 48 equals 
the invariant z/(s) from Definition 0 The situation is superficially similar to case |(i)[ 
However, there is no direct link between the spinor and the metric. A similar extension 
of the Eells-Kuiper invariant was considered by Kreck and Stolz in |13j . 

(iii) Without any additional assumption on ( M,g,s ), the number v(M,g,s) can jump by 
multiples of 24 under continuous deformations of g and is hence less powerful than i/(s). 
However, we still have u(s) = v{g, s) + 24 }i(Dm) mod 48. 


Example 1.8. Consider the Berger space M = SO(5)/SO(3) with its normal homogeneous 
metric g , which is of positive scalar curvature. Its diffeomorphism type has been determined 
in [8] with the help of a homogeneous GVstructure. The '^-invariants t](Dm) and tj(Bm) have 
almost been computed in j8j Corollary 2.5]. More precisely, 

J,(jDm) = “^ + 2 //(™, V °, V ™) > 
and V (B M ) + (TM, V°, V™) . 

Here, X7™ is the Levi-Civita connection with respect to the normal homogeneous metric 
on M, and V° is the reductive connection. Note that the factor of 2 in front of the correction 

term in the first line is missing in [8], and note also that in degree 7, the class L in agrees 
with L. 

The homogeneous G^-structure corresponds to a section s G T(SM) that is parallel with 
respect to the reductive connection V°, so 

s*ip(V°,g SM ) = 0 . 

By the variation formula for Mathai-Quillen currents m and ([2]), this implies 

2 s*ip(V SM ,g SM ) =2e(V°,V SM ) = 48A (V°, V™) [7] - 3L (V°, V™) [7] . 


Note that the variation of the Euler form of TM does not appear here because TM is 
odd-dimensional. Hence, the homogeneous (^-structure on the Berger space satisfies 


"(M,g,s) = 24 ■ 


12923 
2 3 2 5 6 


- 3 


4817 
3 2 5 6 


= 1 . 


Example 1.9. On the round sphere, we can construct G^-structures using two kinds of Killing 
spinors s±. Both give rise to homogeneous structures S 7 = Spin(7)/G , 2. These examples have 
been discussed in [5j Example 1.14]. We fix the round metric g on S 7 , for which r](D s 7 ) = 
rj{B s i) = 0. It is not hard to check that v(S 7 , g, s±) = ±1. 


2. Twisted Connected Sums 

We recall the twisted connected sum construction of nasi and describe extra twisted 
connected sums, see m■ These manifolds are GVholonomy manifolds glued together from two 
7-manifolds with holonomy SU(3 ) and an asymptotically cylindrical end, where the gluing 
is “twisted” in such a way that the resulting manifold can be equipped with a metric of 
holonomy G* 2 . 
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2.1. The Gluing construction. We recall the construction of twisted connected sums 
following [3]. 

Let (E, (? TS ) be a A"3-surface with a hyper-Kahler metric . After fixing an orthogonal 
frame (Is, Js, As) of compatible complex structures on E with Iy.Jt.Kt, = — 1, we define a 
Kahler form and a complex volume form 

ws = •, •) and = g( Jy ■, ■) + w(Ky ■, ■) • 

For £ > 0, let = M/£Z denote a circle of length £. On M + x 5 c> we define a complex 
structure Ic such that I<cdt = d u and Icd u = — dt , where t and u are coordinates on M + 
and Sj-, respectively. The corresponding Kahler form is dt A du. 

By m Definition 3.3], an asymptotically cylindrical Calabi-Yau 3-fold is a complex 3- 
dimensional Calabi-Yau manifold (V, g v , , u v , & ) with a compact subset K such that V \ 
AT = M_|_ x Sj x E, and such that there exists c > 0 such that on M + x x E as t —> oo, 

I 1 = Ic © It + I' for some I' with | | = 0(e~ c< ) , 

oj v = dt A du + lot + da for some a with |V fc a| = 0(e -rf ) , 

Vt v = (du — i dt) A Qy + df3 for some [3 with | V fc /5| = 0(e ~ ct ) , 

9 =u {-,! ■) , 

for all k > 0. Here, V and | • | are taken with respect to the background metric on M+ x Si x E 

obtained by putting a = f3 = 0, and ujy and Ds are the Kahler form and complex volume 

form associated to a choice of complex structures (I, J, K ) as above. We refer to Sj- x E as 
the cross section at infinity. 

Fix £ > 0 and put M = V x S^. Let v be the coordinate of the new “external” S^. Then M 
carries a GVholonomy metric with associated 3-form 

tp = dv A lo v + Re Q v , (7) 

see [31 equation (2.38)]. 

In order to accommodate the extra twisted connected sums from B2|, we put M = M /r, 
where either T = {id} is the trivial group or T = {id, r}. In the latter case, the involution r 
is required to act by the antipodal map — idgi on the external circle and by an isometric 
holomorphic involution on V that acts as id« + x (—idgi) x ids on V \ K. In particular, the 
quotient M is smooth, and has an asymptotically cylindrical end with cross section at infinity 
isometric to 

X = {(S\ x S\)/Y) x E . 

Note that (5^ X S^)/Y is again a two-torus, on which (d Ul d v ) still defines an orthonormal 
frame of tangent vectors. The forms a and /3 above can be chosen r-invariant. One can 
construct examples of asymptotically cylindrical Calabi-Yau manifolds with the required kind 
of involution starting from Fano or weak Fano 3-folds of index 2, as outlined in Examples |4.3| 
and 14.41 

We now consider two asymptotically cylindrical Calabi-Yau manifolds V + and V~, such that 
the corresponding A"3-surfaces (E ±, g TS± , Iy±, Jt±, Ky ± ) are isometric to a fixed Riemannian 
4-manifold (E,< 7 rs ), with which both will be identified. Let denote the lengths of the 
internal circles in the cross sections at infinity. 
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We assume that there exists an angle i? G (0, 7 r) such that the hyper-Kahler structures on £+ 
and £_ are related by a hyper-Kahler rotation m —see also [U Def. 3.10] for 1 ? = ^—given by 

It,- = cos 1 ? It + + sin D J s+ , 

Jt_ = sin D It + - cos 1 ? Jt + , (8) 

= ~Kt + • 

We construct (M±, g TM± , tp±) as above by fixing the lengths of the external circles and 
the groups T±. We assume that the tori T± = {S^ ± x Sg ± )/T± are isometric such that their 
orthogonal frames are related by 

d v _ = cos $ d v+ + sin d d u+ , 

d u _ = sin d d v+ — cosdd u+ ^ 

(see figures in ^4] for illustrations where D = j or |). How to construct V± and M± such that 
the above holds is called the matching problem , which is treated in [4J Section 6] for twisted 
connected sums (# = \, T_ = r + trivial), and in [IT] for extra twisted connected sums. 

Let p: M —> [0,1] be a smooth cutoff function such that p(x) = 0 for x < 0 and p(x) = 1 
for x > 1. Let a±, j3± G be as in Q. Let l 1, and put 

w] 4 = u v± - d(p{t±-l)a±) , 

= n v ± - d(p(t±-e)p ±), ( 10 ) 

Qe* =ui ± {-,I v± -) , 

as in [H equations (3.8)]. Then let V±/ denote the manifold V \ \t + 3, 00 ) x x S, and 
put Mi = Vi x and M±^ = Mi/T±. 

Assuming that a±, (3± are Li-invariant. equation ([7]) defines closed, but not torsion free 
^ 2 -structures <p±.e = dv± A + Refljr* on M±^, such that 

v±,e\{tM,i+S)*x 

= dv± A g(lT± ■, ■) + du± A g(JT± •, •) + dt± A g(K^ ± ■, •) + dt± A du± A dv± , (11) 

see jU eq. (3.12)]. We now define 

M e = M_ t i U(_ 1)1 ) xX M +t i , 

where we identify (f + l,f + 3)xl C M±i with (—1,1) x X using the isometries of £ + and £_ 
and of T'f_ and T? above, such that t + +1- = 21 + 4. It then follows from (p|)-([IT|) that ip +t i 
and tp_ t i extend to a smooth and closed, but not torsion-free G^-structure ipi on Mi. 

As coordinate on (—1,1) x X we choose 

t = t--1-2 = £ + 2 - 4 . 

Then t is an inward normal coordinate for M + . The compatible orientation on X is given by 
combining the usual orientation of the K3-surface £ with the orientation of T 2 given by the 
two parallel orthonormal frames ( d u _, d v _) and ( 4 +, d u+ ) of <§• 

Kovalev m Theorem 5.34] proves that there is a torsion free G 2 -structure (pi in the 
cohomology class of ipi if I is sufficiently large, in the case that fJ = ^ and T + = T_ = {id} 
are trivial. The same arguments holds in the more general case P2I- 
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Theorem 2.1. For £ sufficiently large and for each k$, there exists a constant c such that for 
all k < ko, 

hi-gtWc* < e_rf • 

Proof. Let (pc denote the torsionfree (^-structure in the cohomology class of ipi, which exists 
by jl2. Theorem 5.34], Now, the theorem follows by bootstrapping using [ 12l Proposition 5.32] 
with 0 = 0(pc) — &(cpc), see also pUl p. 303]. □ 

Remark 2 . 2 . Although we are interested in v(Mc,gc,(pe), most computations will be done 
on (Mi, ge, pc). The theorem above can be used to compare connections, Dirac operators, 
curvature tensors and related geometric magnitudes defined by these two metrics. We will 
from now on identify X with {0} x X , which we regard as the gluing hypersurface. 

2.2. The Gluing Formula for the Odd Signature Operator. We use the results of Kirk 
and Lesch, in particular Theorem 8.12 and (8.32) of [TlJ to determine the r/-invariant of the 
odd signature operator Bm on (Mi,gc). Let *m and denote the Hodge operators on M 
and X, and put 

*M = *M ° (~lp 2 J and *x = *x ° (~lp 2 J • (12) 

Then * 2 M = 1 and * 2 X = — 1. 

Because dim Me = 7, the operator Bm acts on Q ev (Mi) as B = dM*M + see 

P equation (4.6)]. Let e w denote exterior multiplication with the 1-form g™(w, ■), and let t w 
denote its adjoint. Then Bm is the Dirac operator associated with the Clifford multiplication 
on A ev T*M defined for each w € TM by 

C-w — &w ° *M T *M ° — (^w t'w) ° *M • (13) 

Recall that X = T 2 x H denotes the gluing hypersurface, and let t denote a coordinate in 
the cylinder direction that is increasing from M_ towards M + . There is an identification of 
bundles 

A ev T*((-l, 1) x X) = p* x A*T*X 
a + (3 dt i— > a+ *m (/3 dt) = a + *x(3 

for all a £ A ev T*X , j3 £ A odd T*A; here we have replaced *m as in |11, Section 8.1] by — *m 
for simplicity—the resulting operators are obviously conjugate. Under this identification, the 
odd signature operator becomes 

B \(-^)xx=A > (14 ) 

with 7 = —5 x and A = *xdx — dx*x ■ 

Then A is a selfadjoint Dirac operator on X, and A 2 is the Hodge-Laplacian. The endo¬ 
morphism 7 induces a complex structure on Q*(X), and because it anticommutes with A, 
also on ker A = H*(X). Together with the L 2 -Hermitian metric gi 2 , it induces symplectic 
structures on both vector spaces. 

Let 

L± = Im (H m (M±) —> H m (X)) C H*(X) , 

then L± are Lagrangian subspaces of H*(X). Let ??aps (Bm±',L±) denote the r/-invariant 
of Bm± with respect to APS boundary conditions modified by L±\ in particular, the forms in 
the domain of Bm± project to 0 on the Lagrangian in S7*(Af) given as the direct sum of L± with 
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the sum of all eigenspaces of eigenvalues of sign ±. This corresponds to rj(B, M±\ V± © F±) in 
the notation of CD Section 8.1]. 


Remark 2.3. Let E± % denote the ±i-eigenspace of 7 acting on H*(X; C), and define unitary 
maps <h(L-t): E\ —x E-i such that L± is the graph of 4>(L±). Following [TT]. Definition 8.14], 
define the Maslov index 

m H ‘(x){L+,L-) = dim(L + n L_) - tr log(-$(L+)$(L_)*) . 


Here, the branch of the logarithm is chosen such that log(—1) = ni, which implies that the 
eigenvalue 1 of <J>(L + )<f>(L_) with multiplicity dim(L + n L_) does not contribute. 

Let A± be the M-linear isometric involutions of X) that anticommute with 7 and 
whose 1-eigenspaces are the Lagrangians L± C H m (X). Then the maps Q(L±): E j —> E-i 
and 4>(L + ) < I > (L_)* above are given by 


<h(L ± ) = 


= 2 


and <L(L + )$(L_)* = A + A- 


2 2 

1 + i'y 




1 + i'y 


A + A- 


We thus recover Bunke’s description of the Maslov index [3, Definition 1.3]. Let e lipi , ..., 
e l<fk denote the eigenvalues of — A + A^\E_ i with yy G (—7r ,7 r], then 


<Pj ^ 


(15) 


Remark 2.4. We want to prove that the invariant m^.(x)(L+, L_) only depends on the 
subspaces L± n H 3 (X). Because L± respect the decomposition of H*(X) by degree, we may 
write 

6 

i±=04 with L± = L±D H k (X ) . 

k =0 

Then L^ k = In particular, the involutions A± preserve each individual H k {X). 

We note that — A+A- commutes with 7 and hence with the Hodge star operator on H*(X). 
The action of —on E-i n (H k (X; C) © H 6 ~ k (X] C)) is therefore isomorphic to its action 
on the real vector space H k (X) for all k < 3. But because H k (X) is real, the spectrum 
of — T(L + )<L(L_)*|^fcpq is invariant under complex conjugation. Hence 

m H»(x)(L + ,L-) = m H 3(x)(L+,L 3 _) . 

The same argument holds for all manifolds of dimension Ak + 2. 


Theorem 2.5 ( [Til equation (8.32)]). Let M = M+(JxM-, and let B denote the odd signature 
operator. Then 

V(B M ) = Vaps(Bm-', L-) + iiaps{Bm+\ L + ) + m H 3( X )(L\, L 3 __) . 

2.3. Spectral Symmetry of the Odd Signatures Operators on the Halves. On the 

manifolds M± with infinite cylindrical end, we consider the odd signature operator Bm ± with 
modified APS-boundary conditions as above. For simplicity, we restrict our attention to M© 
Recall that M_ = V— x S 1 . We consider an involutive isometry K- of M~ = 5 1 x L that 

acts as identity on V- and as a reflection on S 1 . This is possible because the metric gJ M ~ is 
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still a product metric on M. Note that this isometry commutes with the nontrivial element r_ 
of r_ if there is one, and hence k_ descends to M ~. Let c v denote Clifford multiplication 
by d v as in (13). Then c v anticommutes with and the reflexion of the exterior S 1 

anticommutes with We lift to an action R- on fl ev (M_) by putting 

R-a = c v K*_a for all a 6 Q 2p (M) . 


Because B^- is a Dirac operator, it anticommutes with R-. 

On the other hand, R- also anticommutes with 7 = —*x by (14), and hence, R- commutes 
with A = *xBm\x- As above, let L_ C ker A the subspace spanned by those A-harmonic 
spinors on X that extend to D ^--harmonic spinors on M~. Then R _ preserves L_, and 
hence the modified APS-boundary conditions used to define 7aps(-E>m_ ; L-). Because R- 
anticommutes with Bm_ , we have established that 


?? aps(£ m -;L_) = 0 • 

For M + , we proceed analogously, hence 

Vaps (B m +\L + ) = 0 . 


2.4. The Maslov Index of the Odd Signature Operator. We investigate the num¬ 
ber rn h 3 (x,£)(L+- L :i _) . Recall that M± = M±/F± , where M± = S 1 x V±, and X± = dM± = 
T 2 x S. We remark that T±| is homotopic to the identity and hence acts trivially on H m (X±). 
In particular, H*(X±) = H*{X). Because H l (Yi) = H 3 (YA) = 0, the space H 3 (X) takes the 
form 

H 3 (X) = H 3 (X ±) =* H 2 {X) Or H l {T 2 ) . 

Put N± = Im(iL 2 (F±) —> H 2 (T,)). Let T± = N± with respect to the intersection form. 
Because acts trivially on S and we use cohomology with real coefficients (in particular, we 
can divide by 2 ), it is clear that 


L 3 ± = Im(fl‘ 3 (V r ±x5 ,1 ) r± -A H 3 (X)) =* Im(iL 3 (Rj_xS' 1 ) -7 H 3 (X±)) 

= N± dv± 0 T± du± . (16) 

The space N± clearly contains the Kahler form of £±. By ([1]) and (10) and because dt = dt-, 
the limiting value of the holomorphic volume form Qy ± oc on V± is given as 

^v±,f|(-i,i)xA' = (du± ± idt ) A D s± , 

where Dy; ± denotes the holomorphic volume form of Ti±. Therefore, Ref2s ± , Irn De = £ T±. 
Let t w denote contraction by d w , then (11) implies that 

N± n iL 2,+ (S) = span{w s± } = span{i w± ^| s } 

and T± niL 2 ’ + (S) = span{ReD s± ,ImD s± } = span{t u± <^| s , ^ ± <^|s} • 


(17) 


Because (ws ± ,Refis ± ,ImOj; ± ) forms a basis of iL 2,+ (S), we conclude that the decompo¬ 
sitions H 2 (T,) = N± © T± = H 2 ' + (T,) 0 iL 2 , ~(S) are compatible in the sense that all four 
pairwise intersections together span iL 2 (S). This implies in particular that N± is perpendicular 
to T± also with respect to the L 2 -metric. 

Let A± denote the reflexions of H 3 (X) along the Lagrangians L±, then 

A± = A n± ®A v± € Aut(lL 2 (S)) 0 Aut(iL 1 (T 2 )) = Aut (H 3 (X)) , 
where Ajy ± and A v± denote the reflexions of H 2 (T,) at N± and of 77 1 (T 2 ) at [du-i-]M, respectively. 
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If we have an orthogonal twisted connected sum, then 


— A + A_ = — A]y + A]\r_ © A v+ A v _ = An + An_ © id^i^) . 


On 3-forms, the operator 7 
have 


-*x acts as the Hodge operator *x by (12), so on H 3 (X), we 


'y = * 5 ] ® . 

The ±l-eigenspaces of on H 2 (E) are the spaces fL 2 ,± (E) of selfdual and antiselfdual forms. 
Hence, the (—i)-eigenspace of 7 takes the form 

H 2 ’+(£) © E_i © H 2 ’-(X) © Ei , (18) 

where E±i denote the corresponding eigenspaces of * T2 . The isometry A^ + Afj_ of H 2 (X) 
commutes with *£ and hence acts as an orthogonal transformation on fL 2,+ (E) and on H 2 , ~(Tj). 

3 eigenvalues e llfj of — A+A- |g_ i occur in complex conjugate pairs, so the angles ipj ^ 
occur in pairs with opposing signs. From this, we conclude that 

v{Bm) = m H*(x-,C)(L + 1 LJ) = 0 (19) 

for rectangular twisted connected sums. 


By (|18j), tl 
7 rZ in (15 


2.5. The Maslov Index of an Extra Twisted Connected Sum. Now suppose that the 
angle from e v+ to e v _ is i ? G (0, 7 r), then — A v+ A v _ is a rotation by p = tt — 2 $, so 

-A + A_ = A n+ A n _ © e p *T 2 . 


Let af, (* 2 , 0.3 and a 1 , ..., a 19 G (— tt, tt] denote the angles of the orthogonal automor¬ 
phism An + An_ acting on H 2 ,± (T,) © C, so the corresponding eigenvalues are e JC b . Note that 
these angles occur in pairs with opposite signs except for the angles 0 and n, which may 
occur arbitrarily often. By (18), the corresponding angles of — A+A- on the (—z)-eigenspace 
of 7 = * s © * T 2 are 


af — p,, chj“ — p, ay + p,..., a ig + p mod 27r . 


Recall that by (15), we have to represent all these angles in (— tt,tt\, and that angles 
in {0, 7 r} do not contribute to m. Because all an ^ {0, 7 r} occur in pairs of opposite signs, 
without the restriction that © p G (— 7 r, 7 r], we would simply get — 16^ from (15). But 
whenever © p = © sign pir, this angle does not contribute, so we have to add © sign p. 
Similarly, if af = tt, then the new angle af © p = ± sign p( tt — |p|) will contribute, so again, 
we have to add © sign p. And if aj G ©signp( 7 r — \p\ ,tt), then we have to correct aj © p 
by ± 2 sign /3 7 r. Hence, this time we have to add ©2 sign p. Because all ^ {0, 7 r} occur in 
pairs, we are free to add these correction terms either for or for —a±. Together with (15), 
we get 


m H 3 (x-,C)(L%,L 3 _) — — 16 ^ 

- sign p#{j | at G {vr - \p\ ,n} } - 2signp#{ j | a+ G (vr - \p\ ,vr) } 

©sign p#{j | aj G {vr - \p\ , tt} } + 2 sign p#{ j \ aj G (tt — |p| , vr) } . 

We can determine the angles aj, aj, a 3 ” as follows. Contraction with the G 2 3-form ip 

followed by restriction defines an isometry from the Euclidean space M 3 with coordinates u±, 
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v±, t to iL 2,+ (E). By ( [l7| ), we conclude that A x+ A x _ rotates 4L 2 ’ + (E) by an angle of 2d 
around the axis spanned by ttip. Thus, we have \ir — |/?|| = |2i?|, and 

orf = 2d , « 2 ~ = — 2-d mod 2-k, and off = 0 . (20) 

We distinguish two cases. 

• If d = we have p = 0, and there is no contribution to m H 3(X;C)(L+, L_). 

• If d 7 ^ then af 2 = ±(tt — |p|) an d «3 = 0 are pairwise different, and 

— sign /) # { j | a+ E {tt — |p| , vr} } - 2signp#{ j \ aj E (vr - \p\ , tt) } = -sign/) . 
Setting sign/) = 0 if p = 0 unifies both cases. 

Theorem 2.6. The p-invariant of the odd signature operator on Mi is given by 

V(B M ) = m, H 3 (X;C) (L + ,L_) = -16^ - sign p 

+ sign p#{j | aj E {vr - \p\ , tt} } +2 sign p#{j \ a~ E (tt - \p\ , tt) } . □ 

3. The Spinor Eta Invariant of an Extra Twisted Connected Sum 

To compute the ^-invariant p(Dm) of the spin Dirac operator, we proceed analogously. 
However, some care is needed, because we want to work with the gluing metric gJ M on Mi , 
which is not a GVmetric in general. 

3.1. The Spin Geometry of a Twisted Connected Sum. We describe the spinor bundle 
of the cylindrical piece Z = (—1,1) x X C Mi. 

The real spinor bundle of the 4-manifold E is the sum of two quaternionic line bundle S + T, 
and S~T,, such that quaternionic scalar multiplication commutes with Clifford multiplication. 
The complex spinor bundle is isomorphic to the real one, with complex structure given by one 
of the imaginary unit quaternions, see m Theorem 1.5.8]. It can be described by 

5+E = A°’ ev E and S ~E = A°’ odd E , 

with a splitting determined by the complex Clifford volume element ws of E. Note that real 
and complex Clifford volume element are related by u)£,m = —cus in dimension 4, see m 
equations I.(5.11), I.(5.12)]. The bundle S + E = A 0,ev E is trivial because it contains the parallel 
sections 1 and the antiholomorphic volume form Ds- 

Let I, J, K be an orthonormal base of the imaginary quaternions. We may identify 

SrX p*xSZ , (21) 

where we let the two parallel oriented orthonormal vector frames ( d u _,d v _) and (d v+ ,d u+ ) 
of ([9]) act on T 2 as 

c u _ = Ilvy. , c„_ = Jive , 

(22) 

c v+ = (sin d I + cos d J)ujy. , and c u+ = (— cosdl + sini? J)ws • 

The real Clifford volume element acts as the skew-adjoint endomorphism 

W.Y,1 = Ws,RC u _C^_ = U)e,RC„ + C u+ = UHJS.K . 

We have SZ = p* x SX = p^S E as an ungraded real vector bundle. Clifford multiplication 
with the vector held dt pointing in the cylindrical direction is given by ct = —uix,R = Kujy., so 
the Clifford volume element uz = = wa',r c t acts as identity. Then 

7 = Ct = = Kuz, 
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induces the symplectic structure on SX. A *T*X, and on ker Dx as in Pi section 1.3] and [TT1 
Section 8.4], 

After complexification, 

S + X = A°’ ev X and S~X = A°’ odd X , 

with respect to the complex volume element uix = The parallel spinors 1, p* T dz 

and VLx = A pj,dz span the bundle where now dz = du- — idv- denotes the 

parallel antiholomorphic form on T. Because X is Ricci flat, these forms also span kerUx- 


3.2. A Deformation of the Spin Dirac Operator. We will not apply the Kirk-Lesch 
gluing formula to the spin Dirac operator D, but rather to a small deformation of it that 
combines some of the spectral properties of the Dirac operator on the GVmanifold (Mg, gg, (pg ) 
with the local behaviour of a Dirac operator obtained by gluing. 

We want to deform the GVmanifold (Mg, gg) to a manifold with a cylindrical piece of 
the form Zg_\ = (—1,1) X X = M £ + fl Mp through a family (M,gg tW ). For w G [^,l], we 
let gg jW = gg be the gluing metric of (10). Then (M ^ 1 , gg_ w ) splits off an 5 1 -factor for all w>\. 
Moreover, both (M + \ ([—2,2] x X),gt i) are Riemannian products of S' 1 with a subset of an 
asymptotically cylindrical Calabi-Yau manifold M± for all w > \ , and this subset gets larger 
as t —> oo. 

Let Lpn denote the glued GVstructure, and let pa denote the torsion-free structure on Mg 
constructed by Kovalev and Corti-Haskins-Nordstrom-Pacini, see Section 2.1 We then put 

<Pi,w = (1 - 2tc) (pg + 2w pi 

and let g( w be the Riemann metric defined by gg tW . Then the 3-forms pg jW are closed and 
cohomologous for all w G [0,1]. 

there exists a family of bundle automorphisms <!>„ 


for w < I 


By Theorem 2.1 


G Aut (TM) such 


Then there exist bundle 


that §* w gg = gg )W and 

||id TM - 4>|| c , =0(e~ ci ) 

for all w G [0,1]. Let S W M denote the spinor bundle of (M, gg y 
isomorphisms S W M —> SqM such that ($> w , intertwines the Clifford actions on S W M 
and SqM. Then the parallel spinor s on (M, gg) can be regarded as a unit section T” 1 o s 
of S W M for all w G [0,1]. We let \/ SM,w denote the connection on SM induced from the 
Levi-Civita connection on (M, gg. 
we conclude that 

-c£' 


for each w. From the construction of gg jW and Theorem 


2.1 


|V SM ’™s|| =0(e- rf ) 


for some constant c > 0. For w > i, we may assume that & w , have been chosen such that 


T-7 S Ad ^1L) _ r\ 

Vo s = 0 


on M; 


± 


L 1 


Let D' £ w denote the geometric spin Dirac operator of Mg w . We write 

^l,w s = fw ‘ s T t w , 

where f w G C°°(M) and r w G T(SM) with r w _L s pointwise for all w. Then f w , r w are of 
order 0(e _rf ). Now define 

D e, w = D e,w ~ (■, s ) (fw ■ s + r w ) - {■, r w ) s . (23) 

Then D" w is a self-adjoint operator with the symbol of a Dirac operator, and s G ker {D” w ) 
for all w. 
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We need another deformation for w G [|, l]. Let us decompose 

r w I m * = fw c v± s T r w 

with = (r w ,c v± s)\ M ±, so is pointwise perpendicular to s and c v± s. Now, choose a cutoff 
function p supported in (^,oo) with 1 — p supported in (— 00 , 1 ) and put 


A>|m± = d 'Iw\m± + P(w) ((•, c„ ± s) c v± (f w s + r±) + (■, c v± r±), 


(24) 


Then we obtain a smooth family of selfadjoint operators with the principal symbol of a Dirac 
operator. Note that we still have 

D t , w s = 0 (25) 

for all w. Also note that on the strictly cylindrical piece Z, we still have = D'l for all w. 
We also have 

D e p\ M ±( c v±s) = 0 . (26) 

To see this, note that 


d i,i\m± — c v± ^ 7 ^ + 


SM.w 


s = 0 


± 


where A v ± l is the geometric Dirac operator on the manifold (V ± ,g v ± x). Because V 
and A v ± t i anticommutes with c v± , we get 

■^£,l(.^v±s\ M=t) — Cv±^£ t \S \— fvjC-v±S Ci>±Du — fwCv±S Do) ■ 

But then 

De,i\ M ±(c v± s) = -f w c v± s - c v± (f±c v± s + r±) - f± s + c v± (f w s + r±) = 0 . 

Finally, for each k > 0, we have 

|| * v ,D liW *- 1 -D ti0 \\ ck = O(e- et ) . 

3.3. Spectral Symmetry on M±. O 11 the manifolds M± with infinite cylindrical end, we 
consider the spin Dirac operator Dm± with modified APS-boundary conditions. We therefore 
choose Lagrangians L± C kerDx- 

Recall that M± = V± x S' 1 , and let u>v ± denote the complex Clifford volume element on V±. 
As in HU, we let 7 = ct and write 


De,i\te(e+i,e+ 2 ) — 7 + A^j , 


hence 


A = -7 D x 


where Dx = D^\\x is the spin Dirac operator on X. 

Let be the involution of M~ = S 1 X VI introduced in Section 


2.3 


which descends 


to M . Because SM is the pullback of a spinor bundle on VL, we can lift K- to the spinor 
bundle SM~ by 

SM~\( V _ >X ) = SV-\ X 3 cr 1 — >R-(a) = c v _a € SV-\ X = SM~\^_ V _^ . 

Because c v _ anticommutes with D' £1 \y_ and the reflexion of S 1 anticommutes with , we 
see that D’ ( 1 and D\ anticommute with k_ . 

To show that the isometry k_ anticommutes with the additional terms in (23), (24), we 
note that s and D' £1 s\ M - do not depend on the variable u_. Then / 1 , , 77 and are 
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independent of V- as well, so the additional terms in (23), (24) commute with a reflexion of S 1 . 
Because c v _ is skew-adjoint with c 2 _ = — 1, one checks that D^ \ anticommutes with k_. 

On the other hand, R- also anticommutes with 7 = < 7 , and hence, R- commutes with A. 
Let L_ C ker A the subspace spanned by those A-harmonic spinors on X that extend to 
Lb 1 -harmonic spinors on M~ , as proposed in m- The complex volume element we = -we,r 
acts as identity on kerD^;. By (22), p5|), (26), we conclude that 


and 


L_ = spanj.s, c v _s} = spanjs, Js} 

L + = spanj.s, c„ + s} = spanjs, (sin iDI + cos t?J)s} 


(27) 


Then preserves the modified APS-boundary conditions on M~, that is, the space of sections 
of T(SM~) whose restriction to X is perpendicular to the space spanned by L_ and the 
eigenspinors of A with positive eigenvalues. Because R- anticommutes with D M ~, we have 
established that 

r]{D M - ; L_) = 0 . 

For M + , we proceed similarly, but let A + be spanned by the negative eigenspinors of A and 
by L + . Then as above, we have 

v{d m +',l +) = 0 . 


3.4. A Gluing Formula. In this section, we derive a formula similar to [11, (8.32)] for the 
spin Dirac operator on an extra twisted connected sum. 

To state this theorem, we fix l, and we replace the cylindrical part of Mu by a cylinder of 
length 2r, obtaining M^ r . Let Z r = [—r, r] x X be an additional copy of the cylindrical part. 
Let be extensions of M± such that D Mf r is isometric to Z r . Then let Dj denote 
the operator induced by Lb,i on M( r U Z r . Note that 

J/aps(®i; L_ © L + ) = r](D i} r) - m ker a(L+, L_) , 
where we use APS boundary conditions modified by L + at {— r} x X and by L_ at {r} x X. 


Theorem 3.1. For £, r sufficiently large, on = Af r U z r M^~ r we have 

hi D e,i) = VAPs(Djy, L_|_) + r? A Ps(^i; L-) + rn kerA (L + , L_) . 

Let x : [— 1) 1] ~> [0,1] be a smooth function with supp x © [—1, 5 ], and such that X 2 (~t) + 
X 2 (t) = 1- In particular, supp(l — x) Cl [—|, l]. We extend y(t) by 1 on Mf r \ Z r , and by 0 
on M/f r \ Z r , and we similarly extend y(— t). Define an L 2 -unitary transformation 

U = ( X X (L"1) : r (SM it r) 0 T(SZ r ) —>• T(SMf r ) © T(SM+) 

as in 13 Section 3.2], and consider the operator 

B 0 = U*{Df r ®D+ r )U 


defined on M^ r U Z r . Put it( t) = x'(t)x(~t) + x'(~t)x(t) < 0 an d define 


1 


G — Oi — Do — - 1 /1 \ 

r \t(-) 7 


0 


-^(7)7' 
0 


Then G is a selfadjoint nonlocal operator on r(5M^ r ) © T(SZ r ). For z G [0,1], define 

EL = Do + zG = r © D r — (1 — z)G , 

and we still use APS-boundary conditions modified by L + at {—r} X X and by L_ at {r} x X. 
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By [S Theorem 1.9] and the remark after [3] Theorem 1.17], it suffices to show 

2 sf(( 0 ,). g [o i i]) = dimkerDo — dimkerOi . (28) 

Here, the spectral flow is defined as the net number of eigenvalues crossing the line e > 0 
from positive to negative for e very small. By our construction, the kernel of Dj is spanned 
by s on M^ r . By (27), the only spinor that is perpendicular both to L_ and to L + is Ks, 
hence it spans the kernel of Oi on Z r . On the other hand, the boundary conditions on Mg 
are chosen such that Df r has trivial kernel. Hence, the same holds for and the right hand 
side equals 2 . 

Heuristically, the operator G is invertible and trace free on the span of s on both copies 
of Z r . Hence, the two-dimensional kernel of D] will split into one-dimensional eigenspaces for 
all z < 1, which gives sf((B z ) zg r 0 . 1 ]) = —1 as desired. Hence, we have to prove that D, has no 
kernel for z/ 1 . 


Proposition 3.2. Let ip be a X-eigenspinor of the operator O z . Then 


2X 2 


|2 , ^ l ~ z Y 

I L 2 + Z -72- 


7T - HA 


L2 > ||V-0II 2 L 2 + ('R- e if,if) - \dv 


2 

L 2 


Proof. By the Schrodinger-Lichnerowicz formula, 

D 2 = p 2 _ (1 _ z) ( 7 | G + G7 a ) _ (1 _ z ) ( 7 HG + G 7 A) + (1 - ^) 2 G 2 


= V*V + K e + 


2 - 2 z 


t 

7T( - 

~.r 


o -i\ d i-z 


1 0 


di + 


t 

71" | - 

>r 




Now, assume that if is a A-eigensection of B z . Because 7 r(£) is supported on the cylindrical 
parts, we can express the f-derivative as 

f 0^ = _f (r) 7 ( D ^ 7i + ( 1-Z )^ 


= -7T( - 

>. r 


+ A)if + 


1 -z /t\ 2 (0 -1 


1 0 


*(;) 


if 


Let n = denote the outward normal vector at t = =tr. Combining the equations above, we 


obtain 


h = \\VTp\\h + (n £ ip,if)--d„ 


2 

L 2 


(l-zf 


n 0’ p 


2 

L 2 


2-2 z 


0 -1 

1 0 




Finally, 


2 — 2z 


0 -1 

1 0 


7i-(-)A7V’,V’ 


< 


1 - z 


*0* 


+ X 2 


L 2 


2 

L 2 


□ 


Let hfj, € F(SX) be a normalised eigensection of A for the eigenvalue p > 0, then 7 is a 
normalised eigensection for —p. We consider two eigensections of Di for the eigenvalue A e 
i~P,p), given by 

H+ (t) = (sin 07 hfj, + (1 + cos a M ) 7 h^f) e V ^ 2 - A2 ; 

H~(t) = ((1 + cos a M ) hfj, + sin 7 / 1 ^) e - *^ 2- * 2 , 
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where sin a ;i = see [3J (36), (37)]. To hit the modified APS-boundary conditions at {±r} x X, 
we consider 

H^ r = e- r V^ (1 + cos a^) H~ - e _3r ^ 2 ~ A2 s i n afi #+ , 

H^- r = (1 + cos a /t ) H~jf — e _3r Vi l2 ' A2 s i n a;#1 H~ . 

We compute 

^ ||^,±r(i)|li 2 = T4v / ^We- 2 ^V^(i + CO sa M ) 3 

± 4\/ p, 2 — A 2 e 2 ( ±t “ 3 ' r )\// i2_A2 sin 2 (1 + cos a M ) . 

On the other hand, let ho E ker A, then we can construct A-eigensections of ©i as 

tf 0 + (i) = cos(Af) ho — sin(At) y/io , 

Hq (t) = sin(At) ho + cos(Af) 7/10 . 

Proposition 3.3. Let ip be a X-eigenspinor of 0 2 satisfying the modified APS-boundary 
conditions, such that |A| is smaller than the first nonzero eigenvalue of A. Then 

-ld u \\m\\l*>o- 


Proof. The sections have constant L 2 -norm. For p > 0, we evaluate 

\H fJ .,±r(t )\\ 2 L 2 = —4\/ p 2 - X 2 e _4r V^ 2_A2 cos (1 + cos a ^) 2 < 0 . □ 


2 dt 


t=±r 


Let po > 0 denote the smallest nonzero eigenvalue of A. 

Proposition 3.4. Let X < \p\ for all nonzero eigenvalues p of A, let if be a normalised 
X-eigenspinor of D 2 , and let [—r, r] x X denote one of the two cylindrical parts of M( r U Z r . 
Decompose 

^l[| ,r]xX + C » H u) ■ 


Then 


E(«) 2 H^I[§,2]xx||i 2 + (c m ) 2 |I H v I[5,2]xA'|| 2 2 ) < ~2 (^ 2 + - + Ce 

r'O \ / 


M 7^0 

Proof. Consider [—r, r] x X C M^ r first. By Proposition 3.2 we conclude that 


2 A 2 + - + Ce— > HViAlll. > ||A^||i 2 


> |[5,2 ]xx|£ 2 ) 


Using Proposition 3.3, we get the same result on the other cylindrical component. 


□ 


Proof of Theorem \3.1\ Let tjj z be a normalised A-eigenspinor of B 2 . Assume that r and t are 
sufficiently large and | A| is sufficiently small, then if> z \ \— r . r ] x x has a nonvanishing component 
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in r, r] x X,kerA) by Proposition 3.4 First note that because x(t ) 2 + x(—t) 2 = 1 

and 7 r (t) = + x{t)x'(~t), we have 

d 

— arcsin(x(t)) = vr(f) . 


For a given /o, let us abbreviate 

f(t) = (1 - z) arcsin(x(^)) + /o • 

Then all superpositions of spinors of the form 

' e -(At+t°)7 cos (f(t))ho\ _, r , . , r , . 

v e-("+-h S in(/(())/J 6 r(hr ' rl X A) x A) 


(29) 


solve the equation 0 = 7 ^ — (1 — z) G — Xip. Prescribing ij} Zi o at t = — r, the value at t = r is 
given by 


ipz,o(r) = e 


— „-2Ar7 


sin 


cos 


i>z,o(~r) ■ 


(30) 


By construction of the deformation of D in Section 3.2, the sections s and c v± s are harmonic 
on Mf- for all z G [0,1]. Then js\t-± r and r yc v ±s\t=± T are perpendicular to the restriction 
of any other harmonic spinor on M^r . Hence, if A = 0, then ip z is subject to APS boundary 
conditions modified by 

ipzfli—r) £ f - and i/j z , o(r) G L + © L 1 : . (31) 

Let us determine the eigenvalues of D z on Z r U Z r under these boundary conditions. 
Whenever A = 0 is an eigenvalue, then the full operator B z on Mi r U Z r has a kernel. Recall 
that a± denote the reflexions of ker A along L±. As in Remark 2.3, we decompose the C- vector 
space ker A with complex structure defined by 7 into eigenspaces E of a+a_. Identify E 
with C such that L_ n E = M and determine G [0, n) such that e 71? M = L + n R. Assume that 


*l>z, o(-r) = 


V'je 

with x, y G M, which satisfies (31) at t = —r. Then 


$7 


/ xsin^e-^ + ycosfye ^- 2 ^ 7 A 
\—x cos ^-e~ 2Xr "i + y sin ^ 7 e (’ ? “ 2Ar )7 J 


If (31) holds at t = r, then 


x sin f e -( 2Xr+ ^ + y cos f ye" 2 ^ G 


Z7T — 2 Ar 7 


xcos^^e “ , " l +y sin-^-e 
This has nontrivial solutions in x, y if and only if 


Z7T (i^—2 Xr)^ 


— sin 2 sin(d + 2 Ar) sin($ — 2A r) — cos 2 ^ cos 2 (2Ar) = 0 


(32) 


In particular, we get A = 0 if and only if cos 4r = 0 and sini? = 0. 

In other words, if ker O z 7 ^ 0, then z = 1, and L_ HE = L + n E, and we recover exactly the 
known solutions s on M^ r and Ks on Z r . Moreover, the left hand side of (32) is even in A. 
Hence, we see that for z /* 1, one eigenvalue approaches 0 from above and one from below. 
We get (28) and hence Theorem 3.1, because 

2sf((D z ) zg [o,i]) = — 2 = dim ker Bo ~ dimkerBi . □ 
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3.5. The Spectral Flow of the Deformation. Let Dn rw be a deformation of the spin 
Dirac operator on the manifolds M( r as in ( |24[ ). We show that Di^ }W has one-dimensional 
kernel for all w G [0,1] if Z and r are sufficiently large. 


Proposition 3.5. For Z sufficiently large, 

v(D t , 0 ) = V (D itl ) + 0{e- ce ) . 


Proof. The variation of the 77 -invari ant consists of a local variation term in M and a spectral 
flow contribution in Z. By Theorem 2.1, the local variation is of order 0(e~ c *). It remains to 
show that there is no spectral flow. 

We argue indirectly and assume that there is spectral flow. By the construction of F>£ }W 
in (24), we have s G ker D( w for all w G [0,1] and all sufficiently large i. Because D^o is 
the Dirac operator of a G' 2 -metric, we have ker D^q = (s) for all sufficiently large l. By the 
arguments in the proof of Theorem 3.1 we also have ker D^ \ = (s) for all sufficiently large l. 
Hence, if sf(( 77 £ ilu ) lug [o ) i]) f 0 for one sufficiently large l, this will hold for all sufficiently large l. 
This implies that we find a sequence (Z n ,w n ) n ^ with l n —> 00 and a spinor s' n G ker De ntWn 
with ||4|| / 0 and s' n _L s n for all n. 

G ker Dn )T 


Arguing as in Proposition 3.2 


a spmor s r 

0 = II Vs' 


12 

II 2 


satisfies 

+ s 'n) ) 


where 7Z( = 0(e _c£ ). Repeating the same argument for D k s' n shows that all Sobolev norms 
are of order 0(e~ c for some c > 0, and hence all C fc -norms as well. Then ||( 7 S ' A/ (s, s' n ) || c „ = 
0 (e~ cl ) follows, and we may assume that 111 s' n \ — l|| c ,i = 0 (e~ cC ) as well. 

We fix points x± G M . There exists a subsequence such that s' n {x±) —> s'(x±), and 
such that s'(x±) extend to parallel spinors s[j_ on M . By the geometry of M, we have G 
{c„ ± s, — Ci, ± s}. Moreover sf \x = s’_\x , but this would imply that the gluing angle i9 of Q is an 
integer multiple of 7 r, so the connected sum is not twisted, contradicting our assumptions. □ 


3.6. The yy-Invariant of the Spin Dirac Operator. On a K3 surface, the space kerDv; = 
C) is complex two-dimensional and spanned by parallel sections. By (21), the space 
of real harmonic spinors on X is the underlying four-dimensional real vector space. The 
Lagrangians L_ and L + are given by equation (27). 

Let A± denote the reflexions along L±, then — A + A_ acts as —id on the subspace spanned 
by s and Ks , and rotates the subspace spanned by Is and Js by 7 r — 2i9 = p. Hence, the 
eigenvalues of —on the (—i)-eigenspace of 7 = K are —1 and e ~ pi , and by (15), 

P 


v{D m ) = m(L + , L_) = 


7T 


Proof of Theorem [1} Combine Theorems |2.6| [3~T| and Proposition 3.5 


□ 


Remark 3.6. By construction, p G (—7r, 7 r). The angles a 1 , ..., a ig are either 0, 7 r, or occur in 
pairs of angles with opposite sign. In particular, 

0 < #{ j | aj G {tt - \p\ , tt} } + 2#{ j | aj G (tt - \p\ , tt) } < 19 . 

Hence, we get the estimate 

-75 < 9{M) < 75 . 

In particular, we cannot use the extra-twisted connected sum construction to produce families 
of GVmanifolds with infinitely many different extended ^-invariants. 
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4. Examples 


We outline some examples of extra-twisted connected sums from m and compute their 
^-invariants. The proofs of Theorems [3] and [4] rely on Example 4.7 and 4.11, respectively. For 


each example we will indicate the pair of asymptotically cylindrical Calabi-Yau manifolds 
used, and describe the data of the matching required to apply Theorem [lj The details proving 
that the described matchings really exist will appear in Ell¬ 
in this section, we will use H* (•) to refer to cohomology with integer coefficients. Also, for an 
asymptotically cylindrical Calabi-Yau manifold V we now consider N := Im (H 2 (V) —> 1L 2 (E)), 
equipped with the intersection form from N C L7 2 (E) as an integral lattice. In keeping with 
the terminology from (4J Lemma 3.6], we refer to N as the polarising lattice of V. 

To find diffeomorphisms between different (extra-) twisted connected sums we use the 
following special case of the results of Wilkens [181 Theorem 2], |19t Theorem 1] (see [1J 
Theorems 4.22 and 4.25] and [6] Theorem 1.3]). 


Theorem 4.1. Smooth closed 2-connected 7-manifolds M with torsion-free are classi¬ 

fied up to almost-diffeomorphism by the isomorphism class of the pair (H i (AL),pi(M)), or 
equivalently by b^(M) and divpi(M), which we define as the greatest integer dividing pfiM). 
Moreover, if divpi(M) is not divisible by 16 or 7, then the pair (bz(M), divpi(M)) deter¬ 
mines M up to diffeomorphism. 


The problems of counting smooth structures on a given almost-smooth 7-manifold and 
counting classes of (^-structures on a given smooth 7-manifold are closely related. In the 
proof of Theorem [4] we will make use of the following special case of [5,, Corollary 1.13]. 

Proposition 4.2. Let M be a smooth closed 2-connected 7-manifold with H' i (M ) torsion-free. 
//divpi(M) divides 224 then there are precisely 24 classes of G 2 - structures on M modulo 
homotopy and diffeomorphism, and they are distinguished by u. 

4.1. Asymptotically cylindrical Calabi-Yaus with involution. Let us first describe two 
families of examples of asymptotically cylindrical Calabi-Yau manifolds with involution, con¬ 
structed from Fano manifolds X with index 2, which means that the anticanonical class —Kx 
is ample and even. 

Example 4.3. Let X C P 4 be a smooth cubic. Let E C X be a smooth section by a quadric, 
and let C C S be a section by a hyperplane. Let Y be the double cover of X branched over E, 
and Z the blow-up of Y in the curve C. Then Z contains an anticanonical divisor isomorphic 
to E, with trivial normal bundle, and V := Z\ E admits asymptotically cylindrical Calabi-Yau 
metrics. The branch-switching involution of Y gives rise to an involution r of V of the kind 
described in Section [2TT1 

The polarising lattice of V is the same as the Picard lattice of Y, i.e. PicY = H 2 (Y) 
equipped with the bilinear form ( D\,D 2 ) 1 —> D\ • D 2 ■ (— Ky ); it is N = (6). 

Example 4.4. In the weighted projective space P 4 (3, 2,1,1,1), consider a smooth sextic hyper¬ 
surface X , such that the anticanonical section E := {X\ = 0} is smooth (where X± is the weight 
2 coordinate). Let Y be the double cover of X branched over E. (Y is a sextic hypersurface 
in P 4 (3,1,1,1,1); it is a double cover of P 3 branched over a sextic surface.) 

Let C C E be the intersection with a hyperplane (of weight 1, like {X 2 = 0}), Z the 
blow-up of Y in C. Then V := Z \ E is an asymptotically cylindrical Calabi-Yau manifold 
with involution as above. The Picard lattice of Y is N = (2). 
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7r 

Figure 1. d = - 
4 


7r 

Figure 2. $ = - 
6 


The examples we use to prove Theorems [3] and [4] both rely on the following family of 
Calabi-Yau manifolds with involution, whose topological properties turn out to be auspicious 
for constructing extra-twisted connected sums without torsion in H* (•). 

Example 4.5. Let X' be a smooth sextic hypersurface P 4 (3, 2,1,1,1) such that X' is tangent 
to [X] = 0} at p : = (0:0:0:0:1). Let X be the blow-up of X' at p, and E C X the proper 
transform of the section E 7 := [X\ = 0} n X 1 . Generically p is an ordinary double point on E 7 , 
and E is a smooth section of —Kx- Let Y be the double cover of X branched over E. Y has 
Picard lattice N = ( q . 

By blowing up Y in a curve and removing an anticanonical divisor isomorphic to E, one 
obtains a asymptotically cylindrical Calabi-Yau manifold with involution, and polarising 
lattice N. 


4.2. Extra-twisted connected sums with i? = j. We now consider examples of extra- 
twisted connected sums with gluing angle |. We use a pair of asymptotically cylindrical 
Calabi-Yau 3-folds V + and V~ with asymptotic cross-sections x S±, and require V + to 
have an involution r. If we set £+ = £+> then the torus factor in the boundary of M + := 
(S'! x V + )/ {id, r} is a square torus, of side length £ + /\/2. If £_ = £- = C+/ and there exists 
a hyper-Kahler rotation with & = j between E + and E_, in the sense of ([8]), then we may form 
an extra-twisted connected sum of M + and := S| x V~. The action on the torus factors 
(see ®» of the isometry between the asymptotic cross-sections (S| xS^ )/(— id 5 i x — id^i) xE + 
and S|_ x S^-_ X E_ is illustrated in Figured! 


Example 4.6. Take V + to be an asymptotically cylindrical Calabi-Yau manifolds with involution 
from Example 4.4, and V~ an asymptotically cylindrical Calabi-Yau manifold constructed from 
a blow-up of CP 3 01 Row 1 of Table 1], The polarising lattices are N + = (2) and N- = (4), 
and we can make an angle d = ? matching of where the intersection form on N+ © N- is 



As usual, the isometry Ax + Ax_ of H 2 ( E) rotates a two-dimensional plane in iL 2,+ (E) by 
2 t? = ^ (see (20)), and it fixes the orthogonal complement pointwise. In particular, the 
angles af are given by 


+ _ 7T 


OL-i — o 


2 ’ 


— o 


2 ’ 


and 


(y.r> — GL 1 — 


= a 


19 


= 0 


(33) 
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We have p = n — 2d = |. By Theorem [lj we conclude that 

H M ,g) = - 39 • 

It is computed in m that the resulting G' 2 -manifold is 2-connected with H 4 (M) = Z 134 
and divpi(M) = 48. 

The construction is also possible starting with d = 3 /. This would give ^-invariant 39. 
The resulting manifold would be diffeomorphic to the one above (because it has the same 
topological invariants), but not a priori isometric. Example |4.6| is not diffeomorphic to any 
rectangular twisted connected sum, since those always have odd 63 J3] Theorem 4.8(iii)]. 


Example 4.7. Take V + to be an asymptotically cylindrical Calabi-Yau manifold with involution 
The intersection form on the polarising lattice N + is thus given by ( q _ 9 ). 
be constructed from Entry 3 in the Mori-Mukai list of Fano 3-folds of rank 2, 


from Example 
Let V 


see [3 Table 2]. Then the intersection form on the polarising lattice N- is described by ( 20 )- 
The manifolds M + and M~ can be glued with an angle ^ such that N + n N_ = 0. The 
intersection form on N + © IV_ is given by 


/2 0 2 l\ 

0-201 
2 0 4 2’ 

\1 120 / 


where the first two coordinates belong to a basis of N + , and the last two to a basis of N _. 
One can check that the isometry A^ + A^_ of iL 2 (E) acts both on iL 2,+ (E) and on H 2, ~( E) 
by rotating a two-dimensional plane by f and fixing its respective orthogonal complement 
pointwise. In particular, the angles of are given by 


v _ 7T 


OL y — 0^2 — 1 LX 2 — L ' t 2 

By Theorem [lj we conclude that 

v{M, g) = -36 . 

By HZ], the manifold (. M,g ) is 2-connected with H i (M) = Z 97 and divpi(M) = 4. 


OIq 2 ^ 


and 


a 


3 ~ a 3 , — • • • — ^19 — 0 . 


(34) 


According to [1, Row b = 74 in Table 3], there are rectangular twisted connected sums 
with the same topological invariants, but with P = 0 by Corollary [2j By Theorem 4.1, these 
manifolds are diffeomorphic to the manifold from Example |4.7[ On the other hand, their 
n-invariants are different mod 48, so we have proved Theorem [3| 

In the above examples, all the angles a/ are 2$, — 2d or 0. The matching problem is easier to 
solve for such arrangements of the polarising lattices, but it is not necessary to work exclusively 
with these angles. 


Example 4.8. Let V+ be an asymptotically cylindrical Calabi-Yau with involution from Example 


4.4, which has polarising lattice N + = (2). Let V- be an asymptoticaly cylindrical Calabi-Yau 


constructed from entry 10 in the Mori-Mukai list of rank 2 Fano 3-folds, see [3 Table 2]. 
Its polarising lattice is IV_ = (4 |) • We can form a matching with angle '0 = j where the 
intersection form on N + © IV_ is given by 
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The action of An + A^_ on H 2,+ (T,) is a rotation of a plane by angle ^ as usual, while on 
H 2 ~{Ti) it is a reflection in a hyperplane (the orthogonal complement of JV_ in H 2 ~(T,)). 
Thus 

a± = | , a\ = — | , aj=ir, and a 3 ~ = a 2 = ''' = a i 9 = 0 5 (35) 

and Theorem [l] implies 

g) = -36 . 

The resulting G^-manifold is 2-connected with H 4 (M) = Z 91 and divpi (M) = 16. 

Although this example has odd 63 , |H Table 3] and 0 Table 3] contain no examples of 
rectangular twisted connected sums with the same invariants. 


4.3. Extra-twisted connected sums with $ = 4. For extra-twisted connected sums with 

D 

1 ? = | we need a pair of asymptotically cylindrical Calabi-Yau manifolds V + ,V~ that both 
have involutions. 

We choose £+ = V^C-H so that the torus factor (S| x )/(— idsi, — idgi) in the 

asymptotic cross-section of M + := {S^ + x Y + )/{id, 7 +} has hexagonal symmetry. If we 

also have = \/3£_ = \/3C+ then the torus factor in the asymptotic cross-section of 
M~ := (Si x V’ _ )/{id,r_} is isometric to that in M + , with d = | in Q. This is illustrated 
in Figure [2j If there is a hyper-Kahler rotation between the K3 factors in the asymptotic 
cross-sections in the sense of ([ 8 ]) then we can form an extra-twisted connected sum M. 


Remark 4.9. In a similar way, one can produce simply-connected extra twisted connected 
sums with d = | by setting £_ = £ + , £ + = £_ = \/3C+- However, the resulting manifolds tend 
to have 3-torsion in H 4 , making them less convenient for proving results like Theorem [3| 


Example 4.10. Take V + and V~ to be asymptotically cylindrical Calabi-Yau manifolds with 
involution from Examples 4.4 and 4.3 respectively. The polarising lattices are A+ = (2) 
and N_ = ( 6 ). We can find ail = | matching where the intersection form on N+ © 1V_ is 



The isometry A^ + A^_ of H 2 (Ti) rotates a two-dimensional plane in H 2,+ (Z) by 2$ = ^ in 
the usual way and fixes the the orthogonal complement pointwise. In particular, the angles af 
are given by 

= | , a~2 = — f , and a 3 = = • • • = a^ 9 = 0 . (36) 

We have p = it — 2$ = . By Theorem [lj we conclude that 

v( m ,9) = - 51 • 

It is computed in m that the resulting G 2 -manifold is 2-connected with H 4 (M ) = Z 86 
and divpi(M) = 4. 


Like Example 4.6, Example 4.10 has even 63 and is therefore not diffeomorphic to any 
rectangular twisted connected sum. 


Example 4.11. Take both V + and V 
manifolds with involution in Example 


from the family of asymptotically cylindrical Calabi-Yau 
4.5 so the polarising lattices are given by N± = (q _ 2 ). 
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We can find a i? = | matching where N + n JV_ = 0. and the intersection form on N + © 1V_ 
is given by 

/2 0 2 l\ 

0-2 1 2 

2 12 0' 

\1 2 0 - 2 / 

The isometry An + An_ rotates one two-dimensional plane each by | both in i7 2,+ (E) and 
in i7 2 , ~(E). The angles af are thus 

= oti = ^ , ol\ = a.2 = — f , and a 3 ~ = a 3 = ' ’ ’ = a ig = 0 • (37) 

By Theorem [lj we conclude that 

V(M,g) = - 48. (38) 

Again, reversing the orientation gives a diffeomorphic G^-manifold with ^-invariant 48. 

It will be explained in m that M is 2-connected with H A {M ) = Z 109 , and divpi(M) = 4. 


According to [J, Row b = 86 of Table 3], there are rectangular twisted connected sums 
with the same invariants, but with v = 0 by Corollary [2} Applying Theorem 4.1, there 


is a diffeomorphism between those rectangular twisted connected sums and Example |4.11 


Moreover, because they both have v = 24 £ Z/48 by ([!]), Proposition 4.2 implies that the 
diffeomorphism may be chosen so that the G^-structures are homotopic. Nevertheless, since 
the values of v differ the metrics lie in different components of the G 2 moduli space, proving 
Theorem [2 
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